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Abstract
For a spherically symmetric, uncharged black hole in D dimensions for D ≥ 4, we
show how a firewall emerges from an initially uneventful horizon as the prediction of a
generic effective theory. The firewall is created via higher-derivative interactions within
the scrambling time after the collapsing matter enters the trapping horizon. Hawking
radiation is assumed, and the back-reaction of the vacuum energy plays a crucial role.
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1 Introduction
The necessity of high-energy events [1] (such as a firewall [2,3]) around the horizon to resolve
the information loss paradox [1, 4–6] is well-known, but, until very recently [7], there is no
known microscopic mechanism to generate high-energy events out of an initially uneventful
horizon.
Assuming Hawking radiation [8], the firewalls for 4-dimensional dynamical black holes
have been shown [7] to emerge from an initially uneventful horizon for generic low-energy
effective theories. We emphasize that the firewall is deduced as a prediction of the effective
theory, without demanding the absence of information loss. In this paper, we extend this
conclusion to D dimensions for D ≥ 4, and elucidate the physical and mathematical origins
of the firewall.
In the conventional model of black holes, the horizon is assumed to be in vacuum for
freely falling observers because of the equivalence principle. Yet higher-derivative interactions
violate the equivalence principle (see e.g. Ref. [9] in the context of classical electrodynamics).
Being higher-dimensional operators, they are suppressed by positive powers of 1/Λ (Λ is the
cutoff energy scale), but their contribution cannot be ignored [7] if we assume that the
standard field-theoretic derivation of Hawking radiation is valid.
The physical picture is the following. After the collapsing matter has entered the unevent-
ful trapping horizon, a new quantum process becomes important around the scrambling time.
A certain class of virtual particles have a large scattering amplitude (due to higher-derivative
interactions) with the ingoing geometric deformation induced by the ingoing vacuum energy
flux. These quantum fluctuations are turned into real particles for freely falling observers at
a Planck-scale distance from the surface of the collapsing matter. Thus, there is not only a
firewall, but the firewall is created on top of the collapsing matter.
In this work, we will adopt the convention that ~ = c = 1, and define the Planck length
`p and the Planck mass Mp = 1/`p by GN = `
D−2
p , where GN is the Newton constant. We
will always assume that the Schwarzschild radius a of the black hole is much larger than `p.
2 Effective theory in D dimensions
The Lagrangian of an effective theory with a cutoff energy Λ is in principle an expansion of
all local operators {Oˆn} (see e.g. §12.3 of Ref. [10]):
L = L0 +
∑
n
λn
Λdn−D
Oˆn, (2.1)
where L0 is the free-field Lagrangian, λn’s are the dimensionless coupling constants, and dn
is the dimension of the local operator Oˆn.
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2.1 Physical States
The effective theory is only applicable to physical states of energy scales much lower than Λ.
Yet, as the energy of a state can be arbitrarily large after a Lorentz boost, the energy bound
should only be applied to Lorentz-invariant quantities. We should not simply truncate all
states with energies greater than Λ. This is why we can use the Standard Model to describe
the scattering between ultra-high-energy cosmic rays and particles on earth.
For instance, a state composed of two particles of momenta p(1) and p(2) should not be
considered in the effective theory if
∣∣∣gµνp(1)µ p(2)ν ∣∣∣ Λ2, but the energy E(1) = p(1)0 of the 1st
particle is allowed to be much larger than Λ.
In the conventional model of black holes (see e.g. Refs. [11, 12] for reviews), there are
three states that must be included in the effective theory if Hawking radiation is considered
its prediction.
The first state that must be included in the effective theory is the vacuum state |0〉 for
freely falling observers comoving with the collapsing matter. For fiducial observers, who are
stationary with respect to distant observers, |0〉 is an excited state full of particles. The
notion of particles is different for different observers because it is associated with the notion
of positive frequency modes. We denote by U the outgoing light-cone coordinate which can
be identified with the Minkowski null coordinate of the infinite past, and by u the outgoing
light-cone coordinate which can be identified with the Minkowski retarded time coordinate
at large distances.
The vacuum |0〉 is annihilated by the annihilation operator aω (a˜ω) associated with the
negative-frequency modes e−iωU (e−iωV ), but not by cω (c˜ω) associated with e−iωu (e−iωv).
The operators are related via a Bogoliubov transformation:
cω =
∫ ∞
0
dω′ (Aωω′aω′ +Bωω′a
†
ω′). (2.2)
The expectation value of the number of Hawking particles of a given frequency ω for fiducial
observers is
〈0|c†ωcω|0〉 = ‖ cω|0〉 ‖2 . (2.3)
If the prediction of Hawking radiation is reliable, the state cω|0〉 for ω ∼ O(1/a) must also be
included in the effective theory for a black hole with the Schwarzschild radius a. Otherwise,
one cannot be certain about the existence of Hawking radiation.
Apart from |0〉 and cω|0〉 (ω ∼ O(1/a)), the 3rd class of states that should exist in the
effective theory is the one-particle states a†ω′ |0〉 and a˜†ω′|0〉 with sufficiently low energies ω′.
For simplicity, we will consider a generic effective theory including two scalar fields φ1,
φ2
1. The Hilbert space is H = H1 ⊗H2, where HI (I = 1, 2) is the Fock space for each field
1 The discussion below will be essentially the same if φ1 = φ2.
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φI . We shall consider the transition between the following two states:
|i〉 ≡ |0〉 ⊗ |0〉, (2.4)
|f〉 ≡
√
2ω cω|0〉 ⊗
√
2ω′ a˜†ω′|0〉, (2.5)
where ω ∼ O(1/a), and ω′ is arbitrarily close to 0 so that there is no large invariant energy
scale due to ω′. In particular, ω′ is assumed to satisfy(
dU
du
)−1
ωω′  Λ2, (2.6)
where (dU/du)−1ω is the frequency defined with respect to U . (Recall that the frequency
parameter ω of cω is defined with respect to u.) From our discussions above, the states (2.4)
and (2.5) must be included in the effective theory.
2.2 Breakdown of Effective Theory
The derivation of Hawking radiation assumes that the free field theory is a good approxima-
tion. In particular, all higher-dimensional (non-renormalizable) operators Oˆn are ignored.
However, if ∣∣∣∣λn ∫ dDx√−g 〈f |Oˆn|i〉∣∣∣∣ > O(Λdn−D) (2.7)
for certain higher-dimensional operators Oˆn, the conventional prediction of Hawking radia-
tion should be significantly modified.
The condition (2.7) has been shown to be satisfied by infinitely many higher-derivative
operators Oˆn for D = 4 in Ref. [7]. One can repeat the same calculation for D ≥ 4 and
obtain similar results. But we shall consider a slightly simplified version of eq.(2.7) instead,
for the purpose of illuminating the origin of the large transition amplitude.
Since the volume of integration
∫
dDx
√−g must be assumed to be larger than Λ−D in
the effective theory, we propose to replace eq.(2.7) by the simpler version:∣∣∣λn〈f |Oˆn|i〉∣∣∣ O(Λdn). (2.8)
We do not need this naive simplification (2.8) to be exactly equivalent to the criterion (2.7)
for every operator Oˆn. But with all operators Oˆn considered collectively, we claim that the
criterion (2.8) is equivalent to eq.(2.7) for the purpose of an order of magnitude estimate
of the time when firewall emerges, and when the effective theory breaks down. This claim
can be readily verified for the case D = 4 by comparing the result below and Ref. [7]. The
verification for other cases D > 4 is also straightforward, and will not include it in this paper.
We will see below that this criterion (2.8) is satisfied in the near-horizon region for a class
of higher-derivative operators. When the criterion (2.8) is met by infinitely many operators
Oˆn at the same time, the effective theory breaks down because its prediction would be
sensitive to infinitely many couplings constants λn.
3
3 Near-Horizon Geometry
Consider the metric for a spherically symmetric dynamical black hole with the ansatz
ds2 = −C(u, v)dudv + r2(u, v)dΩD−2. (3.1)
We wish to solve for C(u, v) and r(u, v) in the near-horizon region2 from the semi-classical
Einstein equation
Gµν = κ〈Tµν〉, (3.2)
where κ = 8piGN .
3.1 Uneventful Horizon
According to the equivalence principle, the vacuum energy-momentum tensor 〈Tµν〉 should
not be much larger than the energy scale of O(1/a) for freely falling observers comoving with
the collapsing matter. That is, one assumes the condition of “uneventful horizon” [14,15],
〈Tuu〉 ∼ O(C2/aD), (3.3)
〈Tuv〉 ∼ O(C/aD), (3.4)
〈Tvv〉 ∼ O(1/aD), (3.5)
〈Tθθ〉 ∼ O(1/aD−2), (3.6)
in the conventional model of black holes. This assumption has been adopted by most of the
works on black holes. (See, e.g. Refs. [11, 12,14–19,39].)
Since the outgoing energy flux 〈Tuu〉 (3.3) is extremely small in the near-horizon region
due to the tiny conformal factor C, the ingoing energy flux (3.5) must be negative,
〈Tvv〉 < 0, (3.7)
to account for the decrease in the black-hole mass over time. The outer trapping horizon in
vacuum is hence time-like [21, 22]. See Fig.1.
3.2 Geometry for Freely Falling Observers
The near-horizon metric for D ≥ 4 is found in App.A as a solution to the semi-classical Ein-
stein equation (3.2) following the same approach adopted in Refs. [7,13]. For the calculation
below, it is sufficient to approximate the solution (A.12) and (A.13) by
C(u, v) ' C(u∗, v∗)e−(D−3)
u−u∗+v∗−v
2a¯∗ , (3.8)
r(u, v) ' a¯(v), (3.9)
2 see Refs. [7, 13] for a more precise definition of the near-horizon region.
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Figure 1: The solid blue curve is the trapping horizon, the red straight line the surface of the
collapsing matter nearly at the speed of light, and the shaded area the near-horizon region.
where a¯∗ ≡ a¯(v∗). The reference point (u∗, v∗) can be anywhere in the near-horizon region.
The time-dependent Schwarzschild radius a¯(v) decreases with the advanced time v like
da¯(v)
dv
' − σ`
D−2
p
a¯D−2(v)
, (3.10)
with a parameter σ of O(1) (see eq.(A.8)). Throughout the process we will consider, the
change in v is much shorter than O(aD−1/`D−2p ), so that a¯(v) remains the same order of
magnitude which continue to be denote by O(a).
Eq.(3.8) also applies to the Schwarzschild solution with the Schwarzschild radius a¯∗.
Its exponential form is a crucial feature of C(u, v) that leads to Hawking radiation. The
lowest-order approximation of r(u, v) (3.9) is approximately u-independent because every-
thing infalling is nearly frozen in the near-horizon region. The v-dependence of r(u, v) (3.9)
turns out to play a crucial part of the calculation below, although it changes very slowly
according to eq.(3.10).
We define a new coordinate system (U, V ) by
dU
du
' cC(u∗, v∗)e−(D−3)
(u−u∗)
2a¯∗ , (3.11)
dV
dv
' c−1C(u∗, v∗)e−(D−3)
(v∗−v)
2a¯∗ (3.12)
for an arbitrary constant c. This is the coordinate system suitable for freely falling observers,
and the freedom in choosing c is related to the relative velocity among observers. The metric
(3.1) with C, r given by eqs.(3.8), (3.9) becomes
ds2 ' −dUdV + r2dΩD−2. (3.13)
Here, r ' a¯(v(V )) is interpreted as a function of V , where the function v(V ) is determined
by eq.(3.12).
A special feature of the geometry is that, even though the function a¯(v) changes slowly
with v, it could change fast with respect to V due to the exponential factor in eq.(3.12).
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According to the semi-classical Einstein equation, the origin of this fast decrease in the areal
radius r with respect to V is the ingoing negative vacuum energy flux.
On the other hand, a fast change in the areal radius r with respect to V does not imply
a large invariant curvature. At any given value of v, dV/dv can be arbitrarily small by
choosing a sufficiently large c in eq.(3.12), which corresponds to a boost transformation
U → γU , V → γ−1V . In fact, eq.(3.13) is the flat metric in the (U, V ) space. All local
curvature invariants for the metric (3.13) are of the characteristic length scale of O(a). This
is compatible with the fact that (U, V ) is the natural coordinate system for freely falling
observers. For them, the spacetime is nearly flat for r ∼ a¯(v) `p.
4 Effective Theory in Near-Horizon Region
The conventional derivation of Hawking radiation is based on the free field theory. The free
field equation for a massless scalar field in the near-horizon region is
∇2φ = 0. (4.1)
It is equivalent to
∂u∂vϕ−
∂u∂v
(
r(D−2)/2
)
r(D−2)/2
ϕ = ∂u∂vϕ+O(C) = 0
(
ϕ(u, v) ≡ r(D−2)/2φ) , (4.2)
for an s-wave according to eq.(A.13). We expand ϕ in Fourier modes in terms of (U, V ) as
ϕ '
∫ ∞
0
dω′′
2pi
1√
2ω′′
(
e−iω
′′Uaω′′ + e
iω′′Ua†ω′′ + e
−iω′′V a˜ω′′ + eiω
′′V a˜†ω′′
)
. (4.3)
The Unruh vacuum |0〉 is annihilated by aω, a˜ω as we mentioned in Sec.2.1.
4.1 Higher-Derivative Operators
We consider a class of higher-derivative operators of the form
Vˆn ≡ gµ1ν1 · · · gµnνn(∇µ1 · · · ∇µnφ1)(∇ν1 · · · ∇νnφ2) (4.4)
(n = 2, 3, · · · ) of dimension dn = 2n+D− 2 to check the criterion (2.8) of the firewall. Both
scalar fields φ1, φ2 are quantized as described above. This is not the only class of operators
that would satisfy the criterion (2.8), but just simple examples.
For the metric (3.13) and the states |i〉 (2.4) and |f〉 (2.5),∣∣∣λn〈f |Vˆn|i〉∣∣∣ ' ∣∣∣∣λn ∫ ∞
0
dω′′
√
ω
ω′′
B∗ωω′′
[
∂nU
(
e−iω
′′U
a¯(D−2)/2
)][
∂nV
(
e−iω
′V
a¯(D−2)/2
)]∣∣∣∣ , (4.5)
where ω ∼ O(1/a). It can be simplified as (see App.B for the derivation)∣∣∣λn〈f |Vˆn|i〉∣∣∣ ' An [λn ωn σ`D−2p
a¯n+2D−4∗
C−n(u, v)
]
, (4.6)
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where we ignore the difference between a¯(v) and a¯∗ for an order-of-magnitude estimate, and
An ≡ (D − 2)(n− 1)!
2n
∏n−1
k=1
√
1 + k
2
(2aω)2
e4piaω − 1 . (4.7)
Due to the factor of C−n in eq.(4.6), the contribution to the amplitude of the transition
|i〉 → |f〉 by the interaction λnVˆn is larger in regions where the conformal factor C(u, v)
is smaller. For a given u, the value of C(u, v) is exponentially smaller at smaller v. The
minimal value of v in the near-horizon region is the v-coordinate vs of the surface of the
collapsing matter. We should thus study how the value of C(u, vs) changes with u and ask
when the probability of the transition |i〉 → |f〉 gets so large that a lot of particles are
created (i.e. a firewall emerges) and the perturbation theory breaks down.
Since the quantum correction is of O(κ), we expect that C(u, vh(u)) ∼ `D−2p /a¯D−2∗ , where
vh(u) denotes the v-coordinate of the trapping horizon. Then
C(u, vs(u)) ∼
`D−2p
a¯D−2∗
e−(D−3)
vh(u)−vs(u)
2a¯∗ . (4.8)
After the trapping horizon emerges (see Fig.1), the range of the v-coordinate ∆v(u) ≡
vh(u)− vs(u) increases with u. With the matter collapsing close to the speed of light, vs(u)
is approximately constant. On the other hand, we have dvh(u)/du ∼ O(1) [22], so that
d∆v(u)/du ∼ O(1). Hence,
C(u, vs(u)) ∼
`D−2p
a¯D−2∗
e−(D−3)
u−uc
2a¯∗ , (4.9)
where uc is the moment when the trapping horizon emerges (vh(uc) = vs(uc)).
4.2 Firewall
For effective theories with a cutoff energy scale Λ < Mp, a sufficient condition to satisfy the
criterion (2.8) for Vˆn is, according to eq.(4.6) (for ω ∼ 1/a¯∗),
Cn(u, v) An |λn| σ`
2(n+D−2)
p
a¯
2(n+D−2)
∗
(a¯∗ω)n. (4.10)
Using eq.(4.9) to estimate the order of magnitude of C(u, vs), this happen in the vacuum
just outside the collapsing matter when
u− uc > 2a¯∗
n(D − 3)
[
2(n+D − 2) log
(
a¯∗
`p
)
− log (λnAn)
]
. (4.11)
Assuming that the values of n, λn, An and D are not exceptionally large or small, the
order-of-magnitude estimate of the inequality above is
u− uc & O
(
a log
(
a
`p
))
, (4.12)
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where the right hand side is the scrambling time [23]. This is in agreement with the more
rigorous calculation of the transition amplitude for D = 4 in Ref. [7].
In the large n limit, An ∼ [(n− 1)!]2/2n−1 ∼ (n/
√
2e)2n, so eq.(4.10) becomes
C(u, v) n
2|λn|1/n
2e2
σ`2p
a2∗
. (4.13)
If the coupling constant λn goes to 0 slower than n
−2n, the factor n2|λn|1/n goes to infinity as
n→∞. It means that the criterion (4.10) is satisfied for some large n as long as the point
(u, v) lies inside the near-horizon region. Since we cannot have the precise values of λn for
infinitely many n, the conclusion is that the effective theory breaks down (and the prediction
of Hawking radiation also breaks down) as soon as the collapsing matter falls close to the
horizon.
On the other hand, if λn goes to 0 faster than n
−2n, the criterion (4.10) is first met by
Vˆn with a certain finite value of n. The prediction of Hawking radiation breaks down, while
the effective theory is still valid as long as we keep all the interaction terms Oˆn for which
λn〈f |Oˆn|i〉 is large. It would be interesting to see how Hawking radiation would be modified
by the higher-derivative interaction.
5 Comments
The operators Vn (4.4) considered above are by no means the only higher-derivative inter-
actions that would lead to large transition amplitudes and eventually the breakdown of the
effective theory. Conceivably, other operators of the schematic form
∇mφ∇nφ · · · ∇kφ (5.1)
(where the indices on the covariant derivatives are contracted but omitted) would have
similar properties as Vn. They would lead to a slightly different criterion from eq.(4.10)
but the order-of-magnitude estimate of the time (4.12) of the emergence of the firewall is
expected to remain the same.
We also expect that the same estimate of the time (4.12) of the firewall, which we have
derived from the simpler criterion (2.8), would be obtained if we have started with the
condition (2.7) on the transition amplitude. In fact, there is another much simpler criterion
that would lead to the same estimate (4.12). Let
ωU ≡
(
dU
du
)−1
ω (5.2)
denote the frequency defined with respect to the coordinate U for a given frequency ω
defined with respect to u. Since
∣∣ 1
a¯
dna¯
dV n
∣∣ characterizes (the inverse of) the length scale of the
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V -dependence of the system, it is natural to consider
ωnU
∣∣∣∣1a¯ dna¯dV n
∣∣∣∣ Λ2n, (5.3)
as a heuristic generalization of the well-known criterion ωUωV  Λ2 for the breakdown of
the effective theory. Applying it to ω ∼ 1/a for the quantum fluctuation that will turn into
Hawking radiation at large distances, we find the condition (5.3) equivalent to
Cn(u, v) (n− 1)!
2n−1
σ`2n−2p
a¯2n−2
(aω)n. (5.4)
It resembles eq.(4.10), and leads to the same estimate of the time (4.12) of firewall.
More generally, it is natural to generalize the condition ωUω
′
V M2p to
1
F (U, V )
dnF (U, V )
dUn
1
F˜ (U, V )
dnF˜ (U, V )
dV n
 Λ2n, (5.5)
for any functions F (U, V ), F˜ (U, V ) of physical significance in a problem, as a criterion of the
validity of an effective theory.
An intuitive picture of the firewall is the following. The areal radius r(u, v) ' a¯(v) plays
the role of an ingoing deformation of the geometry that collides with the outgoing virtual
particle. The latter is kicked out of the vacuum into a real particle for freely falling observers.
One might say that the outgoing particle is created outside the collapsing matter, so it is
not useful to bring out the information of the matter. But the proper distance between
the trapping horizon and the surface of the collapsing matter is within the Planck length
scale [13] until the black hole is evaporated to a tiny portion of its initial mass. At such a
short distance, it should be possible to transfer information from the collapsing matter to
the outgoing particles through trans-Planckian scatterings.
The geometric features crucial to a large transition amplitude for |i〉 → |f〉 include
1. the exponential form of the conformal factor C(u, v),
2. the time-dependence of the areal radius r(u, v).
The static Schwarzschild solution has the first feature but not the second. The importance
of the 2nd feature also explains why our calculation only applies to D ≥ 4. It would be
interesting to know whether firewalls are also present in D = 2 and D = 3 through a
different mechanism.
Both geometric features listed above are consequences of the energy conditions (3.3) –
(3.6) for an uneventful horizon. Since the effective theory predicts that particles are created
in the initially uneventful horizon, their energy-momentum tensor would modify these energy
conditions (3.3) – (3.6), not long after the trapping horizon emerges. If we wish to have an
effective-theoretic description of black holes over a time scale longer than the scrambling
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time, it is desirable to have a different, self-consistent assumption about the vacuum energy-
momentum tensor. An example is the KMY model [24]. (See also Refs. [25–30].)
A priori, the exponential form of C(u, v) is irrelevant to freely falling observers, for whom
the conformal factor is 1. But it becomes relevant to them through the 1-particle state cω|0〉
in our consideration. Therefore, instead of saying that the transition amplitude (4.6) grows
exponentially with u for a given physical process, we are actually considering different states
|f〉 at different u from the viewpoint of freely falling observers.
A logical possibility is that the state cω|0〉 in |f〉 (2.5) cannot be suitably described within
the effective theory. This implies that what we know about Hawking radiation is unreliable.
There may be no Hawking radiation at all, or that its temperature is much higher than
O(1/a). This issue is related to the trans-Planckian problem [31]. Despite attempts to
resolve this problem [32], there has not yet been a confirmed resolution [33]. (See also
discussions in Ref. [7].)
To summarize, this work points out a conflict among the following assumptions:
• Uneventful horizon:
The energy scale of the energy-momentum tensor is not larger than O(1/a). (See
eqs.(3.3) – (3.6).)
• Hawking radiation:
The radiation at large distances has a thermal spectrum at a temperature TH ∼ O(1/a).
This statement is based on the following assumptions:
– The effective theory is valid around the horizon and it admits a perturbative
formulation.
– The horizon is in the vacuum state |0〉 for freely falling observers comoving with
the collapsing matter.
– The effective theory includes the state cω|0〉 for ω ∼ O(1/a), where cω is the
annihilation operator for fiducial observers, so that the spectrum 〈0|c†ωcω|0〉 of
Hawking radiation can be computed.
Our calculation above shows that these assumptions cannot all be valid for a time longer
than the scrambling time O(a log(a/`p)).
Various scenarios as alternatives to the conventional model, including Refs. [24, 25, 27,
34–42], are consistent with the conclusion above. In these models, information loss is not
a necessity. Although we still need to use string theory or another theory of Planck-scale
physics to understand how information is transferred from the collapsing matter to outgoing
radiation, we see that a careful effective-theoretic calculation does not necessarily lead to
information loss; the information problem is thus no longer paradoxical.
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A Solution to Semi-Classical Einstein Equation
The Einstein tensor in D-dimensional space time with the metric (3.1) is
Guu ≡ (D − 2)
[
∂uC∂ur
Cr
− ∂
2
ur
r
]
, (A.1)
Gvv ≡ (D − 2)
[
∂vC∂vr
Cr
− ∂
2
vr
r
]
, (A.2)
Guv ≡ (D − 2)(D − 3)
[
C
4r2
+
∂ur∂vr
r2
+
1
D − 3
∂u∂vr
r
]
, (A.3)
Gθθ ≡ 2r
2
C
(
∂uC∂vC
C2
− ∂u∂vC
C
)
− 2(D − 3)(D − 4)
(
∂ur∂vr
C
+
1
4
)
− 4(D − 3)r∂u∂vr
C
.
(A.4)
A linear combination of eq.(A.3) and (A.4) gives
∂u∂v log
(
rD−3C
)
=
C
4
[
(D − 3)2
r2
+ κ
(
D − 3
D − 2〈T
µ
µ〉 − (D − 1)〈T θθ〉
)]
, (A.5)
where
〈T µµ〉 = 2guv〈Tuv〉+ (D − 2)gθθ〈Tθθ〉 ∼ O(1/aD). (A.6)
According to the conditions (3.4), (3.6) for an uneventful horizon, the right-hand side is of
O(C/a2), which is extremely small in the near-horizon region3, so the lowest-order solution
has rD−3C ' eF (u)+F¯ (v) for some functions F (u) and F¯ (v). Without loss of generality, we
can write
C(u, v) ' C0(u, v) ≡ C(u∗, v∗)r
D−3(u∗, v∗)
rD−3(u, v)
e
− ∫ uu∗ (D−3)du′2a(u′) e− ∫ v∗v (D−3)dv′2a¯(v′) (A.7)
at the leading-order approximation, where a(u) = −D−3
2F ′ and a¯(v) =
D−3
2F¯ ′ , respectively, and
(u∗, v∗) is an arbitrary reference point inside the near-horizon region.
Comparing this solution with the Schwarzschild solution, we see that the two paramet-
ric functions a(u), a¯(v) should be matched with the Schwarzschild radius. Since Hawking
temperature is of O(1/a), we have
da(u)
du
∼ O
(
κ
aD−2(u)
)
,
da¯(v)
dv
∼ O
(
κ
a¯D−2(v)
)
. (A.8)
3 See eqs.(A.7) and (A.9) below. For more discussions, see Refs. [7, 13,43].
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We will focus on a sufficiently small part of the near-horizon region in which both a(u) and
a¯(v) are of the same order of magnitude, which will be denoted O(a)4. According to eq.(A.8),
the ranges of the coordinates u, v are restricted by ∆u, ∆v  O (aD−1/`D−2p ) so that ∆a(u),
∆a¯(v) O(a).
As C(u, v) = 0 on the horizon in the Schwarzschild solution, we expect that, for a
reference point close to the trapping horizon,
C(u∗, v∗) ∼ C0(u∗, v∗) ∼ O
( κ
aD−2
)
(A.9)
when the quantum effect is turned on. Since C0(u, v) (A.7) is furthermore exponentially
smaller deeper inside the near-horizon region, we can solve the semi-classical Einstein equa-
tions in power expansions of C0.
Plugging the ansatz
C(u, v) ' C0(u, v) + A(u, v)C20(u, v) + · · · , (A.10)
r(u, v) ' r0(u, v) + r1(u, v)C0(u, v) + · · · (A.11)
into the semi-classical Einstein equations, we derive the differential equations satisfied by
the coefficients A(u, v), r0(u, v) and r1(u, v). For an adiabatic process, the u, v derivatives
of A(u, v), r0(u, v) and r1(u, v) are assumed to be higher orders in the κ-expansion. We can
then solve A(u, v), r0(u, v) and r1(u, v) approximately as an expansion in powers of κ.
The solution as an expansion in C0, with the coefficients expanded in powers of κ is given
by
C(u, v) ' C0(u, v)− (D − 2)(D − 3)a(u)a¯(v)
r20(v)
C20(u, v) +O
( κ
aD−2
C20
)
, (A.12)
r(u, v) ' r0(v) + (D − 3)a(u)a¯(v)
r0(v)
C0(u, v) +O
( κ
aD−3
C0
)
. (A.13)
where C0(u, v) is given in eq.(A.7).
B Derivation of Eq.(4.6)
The brackets in eq.(4.5) are evaluated as[
∂nU
(
eiω
′′U
a¯(D−2)/2
)]
' (iω′′)n e
iω′′U
a¯(D−2)/2
, (B.1)[
∂nV
(
eiω
′V
a¯(D−2)/2
)]
' D − 2
2
(n− 1)!
(−2a¯)n−1
σ`D−2p
a¯3D/2−2
(
dV
dv
)−n
eiω
′V , (B.2)
where we have used eq.(3.10) and ω′  `D−2p /a¯D−1(v). (Recall that the state |f〉 (2.5) is
defined with ω′ arbitrarily small.)
4 O(a) = O ((GNM)1/(D−3)) for a black hole of the initial mass M .
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Using eq.(3.11) and
Bωω′′ ' a∗
pi
√
ω
ω′′
(
1
c0ω′′
)−i2aω
e−pia∗ωΓ(−2ia∗ω) (B.3)
(see, e.g. Ref. [11]), we derive eq.(4.6) from eq.(4.5) as
|λn〈f |Vˆn|i〉| =
∣∣∣∣∫ ∞
0
dω′′
√
ω
ω′′
B∗ωω′′
[
∂nU
(
e−iω
′′U
a¯(D−2)/2
)][
∂nV
(
eiω
′V
a¯(D−2)/2
)]∣∣∣∣
'
∣∣∣∣∣ a∗ωpia¯(D−2)/2 e−pia∗ωΓ(2ia∗ω)
∫ ∞
0
dω′′
1
ω′′
(
1
c0ω′′
)i2a∗ω
(iω′′)neiω
′′U
[
∂nV
(
eiω
′V
a¯(D−2)/2
)]∣∣∣∣∣
=
∣∣∣∣∣ a∗ωpia¯(D−2)/2 e−pia∗ωΓ(2ia∗ω)
(
1
c0
)i2a∗ω
in
∫ ∞
−∞
dx e(n−i2a∗ω)xeie
xU
[
∂nV
(
eiω
′V
a¯(D−2)/2
)]∣∣∣∣∣
=
∣∣∣∣∣ a∗ωpia¯(D−2)/2 e−pia∗ωΓ(2ia∗ω)in
(
i
U
)n−2ia∗ω
Γ(n− 2ia∗ω)
[
∂nV
(
eiω
′V
a¯(D−2)/2
)]∣∣∣∣∣ ,
(B.4)
where we have used the identity∫ ∞
−∞
dx e(n−2ia∗ω)xeie
xU =
(
i
U
)n−2ia∗ω
Γ(n− 2ia∗ω). (B.5)
With U = −2a∗dU/du and the identities
|Γ(ib)|2 = pi
b sinh(pib)
, |Γ(n+ 1 + ib)|2 = pib
sinh(pib)
n∏
k=1
(k2 + b2), (B.6)
the expression above for |λn〈f |Vˆn|i〉| can be rewritten as
|λn〈f |Vˆn|i〉| '
∣∣∣∣∣ a∗ωpia¯(D−2)/2 e−2pia∗ωΓ(2ia∗ω)
(
2a∗
dU
du
)−(n−2ia∗ω)
Γ(n− 2ia∗ω)
[
∂nV
(
eiω
′V
a¯(D−2)/2
)]∣∣∣∣∣
'
∣∣∣∣∣∣ a∗ωa(D−2)/2∗ e−2pia∗ω
(
2a∗
dU
du
)−(n−2ia∗ω) 1
sinh(2pia∗ω)
√√√√n−1∏
k=1
(k2 + (2a∗ω)2) ×
×
[
D − 2
2
(n− 1)!
(−2a¯∗)n−1
σ`D−2p
a¯
3D/2−2
∗
(
dV
dv
)−n
eiω
′V
]∣∣∣∣∣
' An ωn
σ`D−2p
an+2D−4∗
(
dU
du
dV
dv
)−n
' An ωn
σ`D−2p
an+2D−4∗
C−n(u, v), (B.7)
where we have used a¯ ' a∗ and An is defined by eq.(4.7).
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